INTRODUCTION
By a subgroup chain of length m in a finite group G we mean a strictly descending chain G=G,>G,> .-.>G,=l.
In this paper we study the function I(G), the maximal length of a chain of subgroups in the finite group G. In particular, we confirm the following conjecture of Babai [ 11. Although this result answers Babai's question, it was in fact known to the first author since 1982. Moreover the latter two authors' interest in l(G) was stimulated by its role in Turull's work on automorphism groups of solvable groups and questions of Fitting length [ll] . Only subsequent to their discovery of Theorem 1 did they learn of Babai's conjecture.
Babai's interest in I(,!?,) is related to questions of computational complexity for permutation groups. In particular if d(G) denotes the cardinality of a smallest generating set for the subgroup G of S,, then
forall G_cS,.
However, a better result is available. Peter Neumann has sketched a proof of the following theorem [7] . We shall briefly outline a proof of this in Section 4. unless n=8 and GzDD,oD,.
THEOREM (P. Neumann). d(G)
<
PRELIMINARIES
The first two easy lemmas are needed for both theorems. They are essentially in Babai Cl]. Remark. If G is a non-abelian simple group with l(G) = O(n), then G is a 2-transitive permutation group of prime degree by Burnside [2] . Using the classification of 2-transitive permutation groups (see [3] ), it is an easy exercise to enumerate all finite simple groups with I(G)= Q(n). They are L&J--1) for p a Fermat prime, and &(ll), L,(2), L,(3) and L,(5).
The next two lemmas are used in the proof of Theorem 1. The first is a remark about binary addition and multiplication. Hence we may assume that b, = 1, i.e., m is a power of 2. Thus m is even and we need k+l kb,+b~>,b~,+ 2 +I.
[ 1 As b, = 1, we have bkm = b, and the result follows, as k > 1.
Remark. Closer inspection of the proof of (b) shows that
Moreover the following algorithm suggests how to construct a chain of length I(n) in S, = G,:
(1) If n = 2' (t 2 2), then G, z Sn,2 2 Sz and Gz E S,,, x S,,. If n = 2, then G1 = S,.
(2) If n=2"+2'2+ . . . +2'k with t, >t,> ... >t,aO and k>l, then Gi rS2~l+2~2+ ___ +2fk-I x S21k.
In general, of course, many chains may be constructed in this way. Moreover non-binary chains may achieve length I(n) as well. For example, a chain beginning S,5 1 S5 \ S3 has length ,( 15).
In any case these examples show that I($) > l(n). In the next section we shall prove that I(S,) < I(n), completing the proof of Theorem 1.
THE PROOF OF THEOREM 1
As remarked in Section 2 we have I(S,) 2 I(n) and must show that I(,!?,,)< I(n). Let G, be maximal among the subgroups of S, which are neither S, nor A,. We must prove that
with strict inequality if G, GA,. Suppose this is not the case. We proceed by induction on n. Proof: It is easy to estimate that
As log, p < p/2 for p > 5, we may verify for p B 5
Since G, @ A,, if p is odd, it follows that p < 5. For p = 2 or 3 the obvious estimates for log, p give the desired inequality except when p = 2 and k ,< 4 or p= 3 and k= 1. Notice that when (p, k) = (2, l), (2,2), or (3, l), I'GL( V) = s,k. In the other cases the claim is trivial to verify. Using the fact that (GI > [Out G( for finite simple groups and the estimate I(G) < log,(lGI) from (2.2)(b), it suffices to verify that (k+ 1) log,(lGI) + Z(k) <I(n)-1.
As Z(n) > n for n > 8, it suffices when k > 2 to check
As 60>((5k+ 1)/2) 'lCk-') for k 2 3, we may assume k = 2 and show 3 log,(x) + 2 < x, which certainly holds for x 2 16. Thus far the classification of finite simple groups has been used only for the (probably avoidable) estimate IOut GI < IG( for G a finite simple group. However, to complete the proof we use it in its full glory. Using the lower bounds given by Landazuri and Seitz [6] , we get Table I. Note. We are using the crude estimate that the group of field automorphisms of G(q) has order at most q. Now, in the 'B2 case, for example, we note that J&-l%, 9 for q> 32.
Hence, for q > 32, we have J;; log*(q'J < -A (q-1)+ Elsewhere it suffices to use to obtain log,(lAut Gl) < d(G), except for the groups 2F4(2)', 3D4(2), G,(3), and 'B, (8) . For these, the Atlas gives the more accurate data of Table II . ProoJ: If k> 1, we study the function f(x) = 2k(x-a)-1 -kx2, where a E { 1,2}, and easily see that f(x) 2 0 for x > 3a unless k = 2, m = 3, a = 1. In this case we see that for all x 2 3 whenever p 2 3. Thus we may assume k = 1 and study the functions g,(x) = pX-'-' -x2. We easily check that g,(x) 20 for x> 3a except for the listed cases. and as we easily see that S, has no classical subgroup of dimension m 2 3 except L,(2)rL2 (7), which we treat later, we are reduced to the 18 special cases. If k 2 2, then p = k = 2 and m = 3, i.e., Gr z L,(4) or U,(4). We explicitly check that 1(Aut G,) < 12 c 4'= 16. Thus we may assume k = 1.
In case (b), the nature of the pertinent groups (Sp,,(2) or O&,(q)) combined with (3.7) reduces us to G 1 Msp,t2), sp8t2), Q,+(2), or &i-(2). Again we explicitly check that Q(/Aut Sp,(2)]) = 15 < 24= 16. Also for the others, Q(JAut G, I) < 25 c 26 = 64. Thus we may assume case (a) holds.
If p = 5 or 7 and m = 3, then (*) gives ;R(/Aut G, 1) < 25 = 5*. So p < 3. As log, 3 < g, (*) gives m = 3 if p = 3. Also (*) gives m < 6 if p = 2. As L, (2) and U, (2) have been done already and L,(2) will be done later, it remains to consider G, z L,(3), U,(3), L,(2), U,(2), L,(2), or U, (2) . For L, (3) On the other hand, for n> 16, n +4< I(n). Thus for p> 17 it suffices to observe that For p < 13 a case-by-case check confirms the claim.
Next suppose k 2 2. Note that the exceptional case (2,9) is irrelevant as PSL(2,9) N A,. Now crude consideration of IGr ( gives QG,)<1+3klog,p+log,k and as log, p < p/2 for p > 5, we have for p 2 5 3kp kp 3kp Z(G,)<(l+log,k)+T<T+2=2kp.
So for p 2 5 if suffices to show that 2kp < pk, i.e. p > (2k)'lck-l). Now for k > 2, (2k) u(~-') < 4 and we are done for p > 5. For p = 2 we have Z(G,) < 3k + log, k < 4k and as 4k < 2k for k > 4, we need only consider the case k = 3 closely, for which the result is easily checked (I(Aut PSL(2, 8)) = 6 and l(9) = 11). For p = 3, we have I(G,)< 1+6k+log,k<8k and as 8k < 3k for k 2 3, we are done.
As (3.8) and (3.9) are contradictory, we have completed the proof of Theorem 1.
NEUMANN'S THEOREM
As Peter is unlikely to publish his result, we shall sketch a recipe for a proof of Neumann's theorem here. The following key lemma is attributed by Neumann to Wielandt and others.
LEMMA 4.2. Let P be a transitive p-group of permutations of degree p". Then P can be generated by at most m-2 1 -+-C, pk elements. k=O Proof by Induction on m. Let K be the kemei of the action of P on a system of imprimitivity with block size p. By induction P/K requires at most 1 + Cr:i pk generators. P may be embedded in Z, 2 (P/K) with K in the base. Let XE P act fixed point freely on the blocks. Then the base is a direct sum of at most p" -' cyclic h[x]-modules and hence, so is K. Now we get easily if p is odd, and with a little care if p = 2, the following results. Using these ideas we can handle the imp~mitjve case. Idea. Suppose G has a minimal imprimitivity system with k blocks of size I, where neither k nor I is exceptional (i.e., < 5 or 8 with D, 0 D8 induced in case 8). Let K be the kernel of the action of G on the blocks. On each block Bi
as desired.
The exceptional cases require a bit more care.
Finally, if G is primitive, we showed in Lemmas 3.2-3.9 that 1(G) < n. A bit more care shows that almost always f(G) < i(n -1) and the few residual cases may be checked by hand. As d(G) < l(G), we are done.
CONCLUDING REMARKS
Knowledge currently available at Cambridge University should suflice for the computation of 1(G) for all sporadic simple groups G. Checking the Atlas [4] we obtain the following values in Tables III and IV, which are definitely true when the list of maximal subgroups is complete. Concerning groups of Lie type, the second and third authors have proved the following result, which will appear in a forthcoming paper [9] . The relevant subgroup in case (a) is A 4; in case (b) it is S,; in case (c) it is AS; and in the generic case it is a dihedral group of order p f 1.
Finally, we note the following "asymptotic" result of Seitz and the last two authors, which will appear later [lo]. DEFINITION. Let G = G,(q) be a finite simple split BN pair of rank r and let B be a Bore1 subgroup of G. We define the parabolic length of G, I,(G), by I,(G)=Q(lBl)+r.
